We study the role of thermal magnons in the spin and heat transport across a normalmetal/insulating-ferromagnet interface, which is beyond an elastic electronic spin transfer. Using an interfacial exchange Hamiltonian, which couples spins of itinerant and localized orbitals, we calculate spin and energy currents for an arbitrary interfacial temperature difference and misalignment of spin accumulation in the normal metal relative to the ferromagnetic order. The magnonic contribution to spin current leads to a temperature-dependent torque on the magnetic order parameter; reciprocally, the coherent precession of the magnetization pumps spin current into the normal metal, the magnitude of which is affected by the presence of thermal magnons. Introduction.-The excitation of magnetic dynamics by spin-transfer torque [1], and the reciprocal process of spin pumping [2] , are essential components in the field of metal-based spintronics. Interfacial spin-transfer torque was first realized in conducting magnetic heterostructures, such as spin valves, wherein angular momentum is exchanged with the magnetic order as spinpolarized electrons traverse the structure [3] . Subsequent was the demonstration of the electrical coupling of magnetic insulators interfaced with normal conductors, wherein itinerant-electron spins interact with the magnetic order over atomistically short length scales near the interface. This broadens the ferromagnetic-resonance linewidth [4], allows for spin Hall generation and detection of magnetic dynamics by electrical means [5] , and engenders spin Seebeck and Peltier effects that couple magnetic dynamics with heat currents [6] . Despite this tremendous experimental progress, the basic theoretical problem of the finite-temperature transfer of angular momentum across thermodynamically biased normal-metal (N)/ferromagnetic-insulator (F) interfaces remains open.
Introduction.-The excitation of magnetic dynamics by spin-transfer torque [1] , and the reciprocal process of spin pumping [2] , are essential components in the field of metal-based spintronics. Interfacial spin-transfer torque was first realized in conducting magnetic heterostructures, such as spin valves, wherein angular momentum is exchanged with the magnetic order as spinpolarized electrons traverse the structure [3] . Subsequent was the demonstration of the electrical coupling of magnetic insulators interfaced with normal conductors, wherein itinerant-electron spins interact with the magnetic order over atomistically short length scales near the interface. This broadens the ferromagnetic-resonance linewidth [4] , allows for spin Hall generation and detection of magnetic dynamics by electrical means [5] , and engenders spin Seebeck and Peltier effects that couple magnetic dynamics with heat currents [6] . Despite this tremendous experimental progress, the basic theoretical problem of the finite-temperature transfer of angular momentum across thermodynamically biased normal-metal (N)/ferromagnetic-insulator (F) interfaces remains open.
The out-of-equilibrium magnonic spin transport in an N/F bilayer is well understood in the case when the spin accumulation in N is collinear with the magnetic order parameter in F [7, 8] . In this Letter, we develop a complete description of spin and heat transfer from both the large-angle coherent (i.e., magnetic order) and smallangle incoherent (i.e., magnons) dynamics in F, including the interplay of the two (wherein magnon transport exerts a torque on the magnetic order parameter and vice versa), for arbitrary relative orientations of the N spin accumulation and F magnetization. While the longitudinal spin density injected into F from N is absorbed by the thermal cloud of magnons, the net transverse spin current has to be accommodated by the dynamical reorientation of the ferromagnetic order parameter, i.e., a (temperature-dependent) torque. The strength for both processes can be parameterized by the spin-mixing conductance [9] , which we relate to the quantum-mechanical matrix elements describing elastic and inelastic electron scattering off of the N/F interface.
Main results.-We start by summarizing our main results for spin and energy transport across an N/F interface (see Fig. 1 for a schematic) , where the spins of itinerant electrons in N are exchange coupled to the magnetic moments of F. In N, the out-of-equilibrium spin density (in units of ) ρ corresponds to spin accumulation µ ≡ µ n = 2ρ/D, where n is a unit vector, D is the density of states (per spin and unit volume), and µ ≡ µ + − µ − is the difference in electrochemical potentials for the electrons up and down along n [9] . In the absence of coupling with the ferromagnet, the electronic distribution function, c † k σ c kσ = f kσσ δ kk , can be written asf k = a=±û a f ka , where {f k } σσ = f kσσ , u ± = 1 ± n ·σ /2 are spin-projection matrices, and f ka = [e β ( k −µa) + 1] −1 is the Fermi-Dirac distribution function with a common temperature T ≡ 1/β (setting k B = 1). k is the single-electron energy and T is assumed to be much smaller than the Fermi energy F so that D can be treated as a constant. parameter) in F lies in the direction of the unit vector n, its excitations (magnons) carry of angular momentum in the −n direction (neglecting dipolar and spin-orbit interactions, which is possible when the ambient temperature is much larger than the associated energy scales). Built in our treatment is the assumption that magnons maintain an internal thermal equilibrium, which can be achieved, for example, by strong magnon-magnon scattering (which is enhanced at high temperatures) or by coupling to an external heat sink (e.g., an adjacent copper layer). Thermal magnons in F then follow the BoseEinstein distribution function: â † q â q = n[β( q −µ)]δ, where n(x) = (e x − 1) −1 , q is the single-magnon energy, µ and T ≡ β −1 are the effective magnon chemical potential and temperature, respectively. This temperature, T , understood as the average magnon temperature a correlation length away from the interface, may be different from that of the electrons at the interface, T ; the corresponding interfacial thermal bias δT ≡ T − T will affect the flow of spin and heat across the interface.
The relevant variables whose dynamics we wish to study are the vectorial spin density ρ and (scalar-valued) entropy on the electric side and, likewise, vectorial spin density (whose magnitude is determined by the magnonic distribution function and direction by the ordering axis n) and entropy on the magnetic side. The respective thermodynamic forces are µ and T on the N side and µ, H ⊥ n, and T on the F side, as will be detailed later. As the central results of this Letter, we calculate, as functions of the temperatures T and T , chemical potentials µ and µ , and spin-density orientations n and n , the spin and energy currents across the interface.
First, when the magnetic order n is static, we obtain the interfacial spin-current density i = − ρd N out of the normal-metal film of thickness d N , up to first order in n/s (with n as the thermal magnon density and s as the saturation spin density of F in units of ):
. g ↑↓ r and g ↑↓ i here are, respectively, the real and imaginary parts of the T = 0 spin-mixing conductance per unit area,
. The first term in Eq. (1) stems from elastic scattering of electrons off of the F macroscopic order, while the last termĩ is rooted in thermally-activated electron-magnon scattering at the interface:
Here, µ ab ≡ µ a − µ b , g ( ) is the magnon density of states (per unit volume), Ω is the magnon gap (so that each magnon carries energy E = + Ω), and µ * ≡ µ − Ω. We are supposing that the structure of the thermal magnons is dominated by exchange interactions, such that they are circularly polarized and carry a well-defined spin. Regarding the energy-current densitẏ q = −(d/dt) k k â † kâ k /A out of N through the interfacial area A, elastic scattering does not contribute, while inelastic scattering yields:
where
Second, in order to furthermore include orderparameter dynamics n(t), we specialize the above results to linear response, thus allowing us to utilize the Onsager reciprocity [11] (see discussion below). Our final expressions (assuming weak thermodynamic biases and slow order-parameter dynamics) for the total spin and heat currents (into F) at the interface are:
Here,
is the total effective (real part of the) spin-mixing conductance, g = 4∂ µ M ++ and S = 4∂ T M ++ are respectively the spin conductance and spin Seebeck coefficient, κ = 4∂ T N ++ and Π = 4∂ µ N ++ = T S/ are the (magnonic) thermal conductance and spin Peltier coefficient. All these transport coefficients are evaluated in equilibrium and pertain to the interface. g, κ, S, and Π are all thermally activated, whileg ↑↓ r andg ↑↓ i reduce to the real and imaginary components of the familiar [2, 9] zero-temperature spin-mixing conductance g ↑↓ at T = 0 and acquire thermal corrections that scale as ∼ (T /T c ) 3/2 when T Ω (assuming quadratic magnon dispersion), where T c is the Curie temperature.
The transverse (i.e., ⊥ n) component of the spin current (4) exerts a torque on the magnetic order parameter, which enters on the right-hand side of the generalized Landau-Lifshitz equation:
,s = s − n, and d F is the ferromagnet's thickness. (Note that the torque depends on µ and Onsager-reciprocal spin pumping ∝ṅ but not on µ or δT .) The longitudinal (i.e, n) spin current, on the other hand, is accommodated by the magnon flux into the ferromagnet, i m =ṅd F = −n · i/ , driven by the thermodynamic forces µ, µ , and δT :
which does not depend on the precession of n.
Interfacial coupling.
-As an effective model for the coupling between the spin degrees of freedom of N interfaced with F, we take the exchange Hamiltonian:
where integration is performed over the interfacial area.
Here,ρ(x) = σσ ψ † σ (x)σ σσ ψ σ (x)/2 is the N spin density (withψ σ being spin-σ itinerant electron field operators and σ a vector of Pauli matrices) andŝ is the F spin density associated with localized electron orbitals, both expressed in units of . We will take −n to be the spin-quantization axis for the electrons in N, such that an itinerant electron with σ = ↑ (↓) carries an angular momentum of /2 in the ∓n direction. Expandinĝ ψ σ (x) = k ψ k (x)ĉ kσ in terms of the electron annihilation operatorsĉ kσ within an orthonormal basis ψ k (x) labeled by orbital quantum numbers k (corresponding to spin-degenerate energy eigenstates in the absence of magnetic coupling, J = 0), we writê
Orienting a spin-space Cartesian coordinate system for the z axis to point in the −n direction, we write, via the Holstein-Primakoff transformation [12] , the F spin density:
whereŝ ± ≡ŝ x ± iŝ y andφ (x) is the magnon field operator obeying the bosonic commutation relation [φ (x) ,φ † (x )] = δ (x − x ). Expressingφ (x) = q φ q (x)â q in the orthonormal spin-wave basis φ q (x) (â q being the magnon annihilation operators) and inserting the above spin densities into Eq. (6), we obtain to second order inâ q :
wheren = qâ † qâq /Ad F is the magnon-density operator. The first term in Eq. (7) has matrix elements
and describes the elastic scattering of electrons off the static magnetization of F. When the spin of an incoming electron in N is collinear with n, scattering by U kk σ mixes orbital states while preserving the spin, such that no torque is exerted on F. In general, we can supply electrons that are polarized along a different axis n , as sketched in Fig. 1 . Rewriting the first term in Eq. (7) in the corresponding ± basis, we would obtain the spinflip terms ∝ĉ † k+ĉ k − , which result in a spin angularmomentum transfer to F. The second term in Eq. (7) has matrix elements
and, along with its conjugate, describe inelastic spin-flip scattering processes wherein an up-electron/down-hole pair is created (annihilated) in N, along the z axis, destroying (creating) a magnon in F. As we show below, in contrast to elastic scattering processes, such inelastic spin flips generate a temperature-dependent spin current with a component along n.
Having established the equilibrium states of magnons in F and electrons in N (held at different temperatures, T and T , and spin chemical potentials, µ and µ ) when J = 0, we treat the transport perturbatively for a finite J. To this end, we utilize the Kubo formula to calculate the spin current i, up to second order in exchange J, yielding an expression in the form of Eq. (1). The first term in Eq. (1) arises from elastic scattering U kk σ , which governs coefficients g
Thus the reactive (g ↑↓ i ) and dissipative (g ↑↓ r ) spin currents arising from elastic scattering depend on the orientations of the N and F spin densities but not on thermal bias. From the form of this spin current [i.e., the first term in Eq. (1)], which survives a nonperturbative scatteringmatrix treatment [9] , we identify g ↑↓ r and g ↑↓ i as the real and imaginary parts of the spin-mixing conductance.
In contrast, the magnonic contributionĩ to spin current, which arises from inelastic processes V kk q , is additionally dependent on the magnon distribution function in F and temperature in N. To calculate it, let us start by considering the spin current associated with a single mode q at energy q F that is macroscopically occupied with n q Ad F 1 magnons. In this case, using the second line in Eq. (7), we obtain via the Kubo formula:
The macroscopic occupation of the q = 0 mode is, in essence, a precessing macrospin, which may be excited at zero temperature while all of the thermal modes are frozen out. The spin current (8) (with q = 0) into F may then be compared with the standard expression [2] for spin current i 0 (t) produced by a single classical macrospin pointing in the direction n 0 (t):
Suppose n 0 (t) precesses at a small angle θ circularly around n at a frequency Ω. Identifying n 0 = s(1 − cos θ) ≈ sθ 2 /2, we get for the cycle-averaged spin current (for a constant µ ):
to first order in n 0 /s. This classical result is matched with our quantum-mechanical calculation, Eqs. (1) and (8), provided we identify:
Crucially, this remarkable identification is only possible once the matrix elements U kk σ are properly related to the spin-mixing conductance and the n/s corrections are included ing ↑↓ , as described above. For thermal magnons with finite wave numbers (that are still much smaller than the Fermi momentum of electrons) normal to the interface [13] , |V q | 2 = 2|V 0 | 2 , because of the Neumann (exchange) boundary conditions at the F film boundaries. Having thus related |V q | 2 to the real part of the spin-mixing conductance, according to Eq. (9), we finally calculate the magnonic spin current using the second line of Eq. (7), with the Bose-Einstein distribution for magnons instead of the macroscopic occupation. The resultant expression for the thermal spin and heat currents are given by Eqs. (2) and (3), respectively. We conclude that the spin-mixing conductance g ↑↓ captures all the relevant, both elastic and inelastic, matrix elements that govern interfacial spin transport.
Nonequilibrium thermodynamics.-Supposing that the internal relaxation of thermal magnons is sufficiently fast in comparison with the resonant precessional dynamics Ω of the macroscopic order parameter n [8] , an instantaneous state of the magnet can be described by three variables: the spin order n, magnon density n, and entropy S F . The normal layer is characterized by its spin density ρ and entropy S N . The most natural thermodynamic potential for our purposes is the total internal energy U (n, n, ρ; S F , S N ) of the N/F bilayer as a function of these variables. These parameters (when conveniently normalized) form the following conjugate pairs with their respective thermodynamic forces: (Ad F sn, H), (Ad F n, µ), (Ad N ρ, µ ), (S F , T ), and (S N , T ). We now consider the structure of the Onsagerreciprocal relaxation of our system when perturbed away from the equilibrium. Since for a closed system, the total entropy S = S F + S N = const, at linear response, only the entropic flow δS = (S F − S N )/2 is relevant, whose thermodynamic conjugate is δT .
We start by deriving the spin current (1) in the absence of the order-parameter dynamics, i.e.,ṅ = 0, which is then entered in the equations of motion for spin densities:
where "Bloch relaxation" stands for the possible spin relaxation inside N and, similarly, "LLGB dynamics" for the subsequent Landau-Lifshitz-Gilbert precession of the order parameter along with a Bloch relaxation of magnons. Equations (10), (11) could, furthermore, serve as boundary conditions for subsequent spin diffusion carried by electrons and/or magnons away from the N/F interface. According to the Onsager principle, µ thus affecting magnetic dynamicsṅ [through the spin current (1) on the right-hand side of Eq. (11)] implies that H must similarly enter in the equation forρ. As can be shown [14] by straightforward manipulations of Eqs. (10), (11) , this is accomplished by the substitution µ → µ − n ×ṅ in Eq. (1), leading finally to Eq. (4).
Regarding the longitudinal spin current that is carried by magnons [second line in Eq. (4)], its Onsager reciprocity with the heat flux (5) is guaranteed by the equivalence between the spin Peltier and Seebeck coefficients, Π = T S/ , which arises naturally within our Kubo calculation and is analogous to the so-called second Thompson relation in thermoelectrics. (We remark here that Aq = δṠT , within the linear response.) Note there is no linear response inṅ to µ or δT , nor (reciprocally) is there a linear response in the magnon and heat currents to the precessional order-parameter dynamics, within our exchange approximation.
Outlook.-Magnon-induced torques and spin currents may manifest in a variety of F/N heterostructures. In general, our expressions for spin and energy currents serve as boundary conditions which must be complemented by the appropriate bulk transport theory for both electrons and magnons. For example, in heterostructures utilizing spin Hall effect in order to convert between spin and charge currents on the normal-metal side, the temperature-dependent spin currents flowing through the structure in response to a thermoelectric bias (as is, for example, the case in the conventional spin Seebeck effect), as well as the temperature-dependent spin Hall resistance, could be obtained by self-consistently solving the spin Hall diffusion equations in conjunction with Eqs. (10) and (11) employed at the boundaries. Thermal spin torques may also play an important role in magneticresonance measurements in the presence of thermal gradients [15] . For thin ferromagnetic insulators, the interfaces could form a bottleneck for longitudinal spin transport with spin conductance ∼ (T /T c ) 3/2 . Our theory provides an essential building block for understanding the instabilities and dynamics of ferromagnets in the presence of thermal gradients in magnetic heterostructures or spintransfer torque at finite temperature [16] .
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